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The experimental results obtained in the last few years on kaon decays
(K→ 2pi and, above all, Ke4 decays) allow a reliable determination of low energy
pipi scattering in the S0 wave. Using them and, eventually, other sets of data,
it is possible to perform a stable extrapolation to the pole of the “σ resonance”
[f0(600)]. The results are rather insensitive to the data we use, besides K decay
data. They are all comprised in the determination
Mσ = (490 ± 18) MeV, Γσ/2 = (255± 12) MeV,
which thus furnishes a reasonably precise value for the location of this pole, from
experiment. We then use this determination to compare with theoretical calcula-
tions based on chiral perturbation theory. The values of the “Breit–Wigner” mass
µ0 = 790 ± 25 Mev and half width Γ0/2 = 560 ± 60 Mev are also obtained. For
the scattering length and effective range parameter, the same evaluations give
a
(0)
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1. Introduction.
The lightest scalar and isoscalar mesonic “resonance”, sometimes called the σ resonance, has enjoyed a
peculiar status. The Particle Data Tables (PDT[1]), that refer to it as the f0(600) resonance, give for its pole
a mass between 400 and 1200 MeV, and a half width between 300 and 500 MeV; and the same values for the
“Breit–Wigner” mass and half width: wide ranges, indeed. In fact, in the old days the resonance was many
times reported as non-existent. On the other hand, calculations based on chiral perturbation theory[2,3] give
the following values for the complex pole corresponding to it:1
Mσ = (441± 17) MeV, Γσ/2 = (230± 15) MeV; Ref. 2 (1.1)
(the errors here are purely indicative; they are obtained from the spread of the values in the three articles











MeV; Ref. 3. (1.2)
It would be nice to be able to compare this with experiment, without the tremendous uncertainties given in
the PDT.
In the present note it will be shown that, indeed, it is possible to get a determination of Mσ, Γσ,
from experimental data on the S0 wave alone, and with a precision comparable to the theoretical one in
(1.1) or (1.2). In fact, we will show that, from experiment, one has the values
Mσ = (490± 18) MeV, Γσ/2 = (255± 12) MeV, (1.3)
and the various possible determinations using data are all comprised in the error bars of (1.3). Thus,
theoretical calculations appear to be compatible with experiment, but only within ∼ 2 σ. The reason why
we are able to present such an accurate determination of the sigma pole from experiment (as compared to
the uncertainties in the PDT[1]) is the availability, in recent years, of very precise data on the S0 wave at
low energies, based on K decays, and use of a powerful fitting technique.
One can also get a precise determination for the “Breit–Wigner” mass and half width of the “reso-
nance”. We get (although this is less novel) the values
µ0 = (790± 25) MeV, Γ0 = (560± 60) MeV, (1.4)
and it turns out that the same methods that allow us to extrapolate the experimental S0 amplitude to the
sigma pole permit an extrapolation to find the scattering length a
(0)
0 and effective range parameter, b
(0)
0
(defined in ref. 5). The best values we get are
a
(0)
0 =(0.231± 0.009)M−1pi ,
b
(0)
0 =(0.276± 0.010)M−3pi .
(1.5)
Before embarking on the details of the calculations, however, a few words have to be said on the
meaning of the word “resonance” in connection with the σ. One can give three definitions[4] of the location
of an elastic, background free, resonance mass and width: the point s1/2 = µ0 at which the phase shift
crosses pi/2, and the width of the corresponding Breit–Wigner parametrization, Γ0 (we have followed current
practice and called these “Breit–Wigner” mass and width); the mass at which the derivative of the phase
shift is a maximum and, for the width, the inverse of such derivative; and the pole of the partial wave
amplitude in the (unphysical) Riemann sheet, atMσ − iΓσ/2. Of these, the more physical one is the second:
it identifies a resonance as a metastable state, whose lifetime is the inverse of the width (Wigner’s time delay
theory).
In the case of narrow resonances, all three definitions coincide to first order in Γ/2M ; but the
situation for the σ is very different. The S0 wave phase shift for pipi scattering, δ
(0)
0 (s), does indeed cross
pi/2; but it does so[5] at an energy of s1/2 = µ0 ≃ 790 MeV. The energy derivative of δ(0)0 (s) is nowhere
maximum near this point, and the partial wave amplitude only vaguely resembles a Breit–Wigner shape.
1 The determinations (1.1) and (1.2) are, in fact, based on different methods. We quote them together to give an




Finally, and as we have already advanced in Eq. (1.3), there exists a pole in the second Riemann sheet, but
at very low energy and with very large width. It is therefore unclear that one may classify σ as a resonance,
which is why we referred to it within quotation marks. At any rate, in the present note we will be concerned
mostly with the complex, second Riemann sheet pole of the partial wave amplitude (although we will also
give values for the Breit–Wigner mass and half width), without discussing the relevance of the resonance
concept for it, whose values follow by fitting the data in refs. 6, 7, and taking also into account the (as yet
preliminary) results of ref. 8.
2. The resonance condition
The problem with determining the location of the resonance pole is that, in principle, it entails an analytical
continuation into the second Riemann sheet, and analytic continuations are known to suffer from instability
problems. Part of this problem can be resolved by using the well known fact[4] that such a pole, located at√
sσ =Mσ − iΓσ/2, corresponds exactly with a zero of the S-matrix partial wave S(0)0 (s),
S
(0)
0 (s) = 1 + 2ifˆ
(0)




at s¯1/2 = Mσ + iΓσ/2 in the physical Riemann sheet. Thus, we can find the location of the resonance by
looking for the solutions of S
(0)
0 (s¯) = 0 in the upper half of the complex plane. This zero condition may be
written in a simpler manner as
cot δ
(0)
0 (s¯) = −i. (2.1)
Solving (2.1) still entails analytical continuation from the real axis, where one has experimental data;
but, at least, one remains on the physical Riemann sheet. In the old days, the low energy experimental data
for the S0 wave were hopeless: several solutions existed, and the errors were very large. This is probably
the reason for the widely different determinations of the σ pole reported in the PDT.[1] Fortunately, and as
already remarked, the situation has improved enormously in the recent years. We now have reliable data
from just above threshold up to the kaon mass, mK , due to Kl4 decays
[6] and K2pi decays.
[7] Moreover, and
although still preliminary, we have even better very recent Kl4 decay data.
[8]
In addition to this, we can profit from the fact that the determinations of the S0 wave, although not
very precise, are reasonably compatible among themselves in the range 820 – 960 MeV; see ref. 5, Eqs. (2.13).
This is sufficient to make a stable analytical extrapolation.
3. The conformal mapping method
3.1. Theory
What we know of the analyticity and unitarity properties of the S0 partial wave amplitude[4,9] implies that
the function (effective range function)
ψ(s) ≡ (2k/s1/2) cot δ(0)0 (s)
is analytic in the complex plane cut from −∞ to 0 and from the point where inelasticity is important, s0,
to +∞ (Fig. 1). In the case of the S0 wave, one can take s0 = 4m2K .
The standard mathematical method to deal with this situation is to make a conformal mapping,









under which the cut plane is mapped into the unit disk (Fig. 1) and the analyticity properties of the effective
range function in the complex plane in the variable s are strictly equivalent to convergence of a Taylor series
for the function ψ in the variable w in the disk |w| ≤ 1. For this convergence, it necessary to separate off
those poles of the effective range function that lie on the real axis; and it can also be convenient to also
separate the zeros of the effective range function in the same region (although this last is not necessary; see
below). Of these we have one of each: a pole due to the so-called Adler zero of the partial wave amplitude,
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Figure 1. The mapping s→ w.
lying near the left hand cut, at s = 12z
2
0 , z0 ≃Mpi (with Mpi the charged pion mass); and then there is a zero
due to the phase shift crossing pi/2 for an energy s1/2 = µ0, µ0 ∼ 790 MeV. Thus, we can, in all generality,










2 + · · ·}. (3.1a)
If using this expression with a finite number of terms, it presents the problem that a ghost is generated in
the partial wave amplitude.2 Although this ghost is harmless, being very near the left hand cut, it is, as













+ Bˆ0 + Bˆ1w(s) + Bˆ2w(s)
2 + · · ·
}
. (3.1b)
The difference between fitting with (3.1a) and (3.1b) is negligible: for all practical purposes, one can forget
the ghost but, to show this and also as a matter of theoretical correctness, we will fit with both (3.1a, b).








2 + · · ·}, (3.1c)










+ Bˆ0 + Bˆ1w(s) + Bˆ2w(s)
2 + · · ·
}
. (3.1d)
In these last two cases, the zero is generated by the combination of the Bnw
n and we will, generally speaking,
need one more term in the expansion than if we used (3.1a) or (3.1b). We will make fits with all four
expressions (3.1); the results are almost independent of which one we use.
Now, the key point for us is that the expansions (3.1) converge in the whole cut plane: therefore,
this expansion can be used as it is to find the location of the zero, and hence of the resonance. It is also to
be noted that, because of the nature of the singularities on the cuts, we expect the Bn to decrease like
|Bn| ∼ (n+ 1)−3/2
2 We are grateful to Profs. Caprini and Leutwyler for this remark.
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for large n. This last condition is, strictly speaking, only valid when one separates off the ghost piece, i.e.,




s is so small, it actually holds for the Bn as well.
We can get good fits to data with one or two Bns in (3.1a,b), or two to three in (3.1c,d); no more
are necessary. We will fix the Adler zero to z0 =Mpi in our analysis (the fit depends very little on the precise
value of z0, provided it is near this), and we let the Bn, µ0 vary.
Before turning to the actual calculations a few words have to be said on the matter of analytical
extrapolation. In principle, if one knows an analytic function on a segment of the real line, the function
is determined on the whole (cut) plane. In practice, however, the function is not known exactly. One has,
therefore, to test for potential instabilities in the extrapolation procedure. There are two important sources
of instability: first, instabilities due to small variations of the central values inside the error bars of what one
may consider the best fit. Secondly, we have the dependence of the results on the number of parameters used
for the fits, or the different functions used for the fits. The way to deal with this is to try extrapolations with
fits to various data sets (provided they are compatible within errors), and to try fits with varying number of
parameters and expressions. The final errors should be enlarged to encompass the results with these various
fits: this is what will be done here.
3.2. Results
We start with only one parameter, B0, in (3.1), and various data choices. It is to be noted that, since only
one B0 intervenes here, the use of the conformal mapping method is actually irrelevant for the results (3.2)
below.
In what follows, “K decay data” refers to the data from Kl4 and K2pi decays of refs. 6, 7, and
“NA48/2” refers to the Kl4 decay data of ref. 8. (For these last data only statistical errors are taken into
account). It should be noted that Kl4 decay data only give the difference between the S0 and P wave phase
shifts. However, this is not important as the P wave phase shift can be determined with great precision from
the form factor of the pion.[9] Likewise, K2pi decays give the difference between S0 and S2 phases; but this
last is small on the kaon mass, and reasonably well known there.[10]
Finally, by PY05-(2.13) we denote the set of combined data from various experiments, at energies
830 MeV ≤ s1/2 ≤ 960 MeV collected in Eqs. (2.13) in ref. 5. We then have:3
I) K decay data:[6,7]
B0 = 18.5± 1.7, µ0 = (766± 95) MeV; Mσ = (502± 9) MeV, Γσ/2 = (238± 40) MeV . (3.2a)
The fit is good: one has χ2 /d.o.f. = 5.7/(12− 2), but the errors are very large.
II) Only data from NA48/2:[8]
B0 = 17.85± 0.45, µ0 = (725± 30) MeV; Mσ = (493± 6) MeV, Γσ/2 = (221± 12) MeV . (3.2b)
We here have χ2 /d.o.f. = 6.1/(10− 2).
III) K decay data plus NA48/2:
B0 = 17.06±0.36, µ0 = (804.4±30) MeV; Mσ = (485.4±4.2) MeV, Γσ/2 = (249±19) MeV, (3.2c)
with χ2 /d.o.f. = 14.6/(22− 2).
IV) K decay data plus NA48/2 plus PY05-(2.13):[5]
B0 = 17.59, µ0 = 777 MeV; Mσ = 492 MeV, Γσ/2 = 241 MeV . (3.2d)
(For the errors here, see (3.4c) below). We get χ2 /d.o.f. = 26.8/(32− 2).
3 In the fits below we have used the parametrization in (3.1a), which is simpler to use. As stated, the difference







; B0 = 17.85; µ0 = 725; a
(0)
0 = 0.230; s¯
1/2 = 493− 221 i






; Bˆ0 = 17.30; µ0 = 735; a
(0)
0 = 0.230; s¯
1/2 = 490− 225 i.
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Figure 2. The w disk, |w| < 1. The thick lines are the regions where one has
reliable experimental data. The sigma pole is also shown; the points labeled “Ex-
periment” are those obtained from our fits to experiment. The point labeled CCL
is the Caprini, Colangelo, Leutwyler calculation,[3] with error like the thickness of
the point.
All these values in Eqs. (3.2) are covered if we write
Mσ = (494± 9) MeV, Γσ/2 = (244± 23) MeV; (3.3)
this is obtained as the weighted average of the various determinations, enlarging the error to cover all of
them, as discussed above. The errors in (3.3) are certainly underestimated, as the fits in (3.2) do not take
into account the cuts of the effective range function, something that will be done presently.
Including the data in PY05-(2.13) it is possible to fit with two parameters B0, B1, which is more
realistic as the term in B1 represents (in the average) the cuts of the effective range function. Moreover, in
this case, one can give a meaningful value for the “Breit–Wigner” half width, which is proportional to the
residue of the function cot δ
(0)
0 (s) at its zero. We have
I) K decay data plus PY05-(2.13):
B0 =21.04, B1 = 6.62, µ0 = 782 MeV, Γ0/2 = 516 MeV;
Mσ =(515± 15) MeV, Γσ/2 = (267± 21) MeV .
(3.4a)
For the errors in the Bn here, strongly correlated, see ref. 5. One has χ
2 /d.o.f. = 15.7/(19− 3).
II) K decay data plus PY05-(2.13), fitting requiring fulfillment of forward dispersion relations:
B0 =17.4± 0.5, B1 = 4.3± 1.4, µ0 = (790± 21) MeV, Γ0/2 = (648± 54) MeV;
Mσ =476 MeV, Γσ/2 = 255 MeV .
(3.4b)
Although this fit includes information on other waves than the S0 wave, and is thus not a pure fit to S0
data, we include it here to show its compatibility with the rest.
III) K decay data plus NA48/2 plus PY05-(2.13):
B0 =19.06± 0.34, B1 = 3.34± 0.76, µ0 = (776± 21) MeV, Γ0/2 = (566± 47) MeV;




Here, χ2 /d.o.f. = 26.4/(32− 2).







32− 2; B0 = 4.67± 0.28, B1 = −26.4± 0.6, B2 = −13.0± 1.5;
a
(0)
0 =0.230± 0.09; Mσ = (480± 7) MeV Γσ/2 = (250± 7) MeV;
(3.4d)
this corresponds to µ0 = (815±21) MeV. As could be expected, the difference between using (3.1a) or (3.1c)
is reasonably small; in the present case, the results with (3.1c) are slightly better. The effect of excluding
the ghost is here even smaller than before (cf. footnote 3), in fact (as could be expected) smaller than the
experimental errors. We would find (3.4d) replaced by





32− 2; Bˆ0 = 4.51± 0.27, Bˆ1 = −26.16± 0.6, Bˆ2 = −13.56± 1.4;
a
(0)
0 =0.229± 0.009, b(0)0 = 0.281± 0.009; µ0 = (800± 21) MeV .
(3.4e)
In principle, this is the best fit: it takes into account the most of theoretical information, and it has the
smallest χ2/d.o.f.
IV) In addition to the fits above, we will consider a fit to K decay data plus the data set C given by Grayer et
al.[11] We choose this solution out of the four solutions in ref. 11 because not only it is that which takes into
account more corrections to raw data, but also is the one that satisfies best forward dispersion relations.[5]
We find, for the pole parameters,
Mσ = (483± 11) MeV, Γσ = (245± 9) MeV [K decay data plus Sol. C of Grayer et al.[11]] (3.4e)
The differences between these various determination may be considered as a measure of the sys-
tematic errors of our calculations, as discussed above; we can take this into account and find a compound
estimate, comprising all the numbers in Eqs. (3.4), to be
Mσ = (490± 18) MeV, Γσ/2 = (255± 12) MeV . (3.5)
Eqs. (3.3), (3.5) are very compatible, showing the stability of the fits, and of the extrapolations to the sigma
pole, against the number of parameters used. The various values for the complex zero, s¯ are shown, in the
w-plane, in Fig. 2, and the more representative of these results for the σ pole are collected in the following
table:
Process Mσ [MeV] Γσ/2 [MeV]
NA48/2 data 493± 6 221± 12
K decay data plus NA48/2 489.4± 4.2 249± 19
K decay plus PY05 515± 15 267± 21
K decay data pus NA48/2 plus PY05 499± 5 253± 7
K decay data pus NA48/2 plus PY05 [Eq. (3.1c)] 480± 7 250± 7
K decay plus Grayer C 483± 11 245± 9
Best estimate, Eq. (3.5) 490± 18 255± 12
For the Breit–Wigner mass and half width we have the average result
µ0 = 790± 25 MeV, Γ0/2 = 560± 60 MeV . (3.6)
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4. The scattering length (and effective range parameter)
The same methods we have used to extrapolate to the σ pole can be employed to determine the scattering
length, since the expansions (3.1) also converge at threshold. We find the following results:
a
(0)
0 =(0.218± 0.020)M−1pi [K decay data[6,7]]
a
(0)
0 =(0.230± 0.006)M−1pi [New NA48/2 Kl4 data[8]]
a
(0)
0 =(0.233± 0.005)M−1pi [K decay data + New NA48/2 Kl4 data]
(4.1)
If we also include medium energy data, as in ref. 5, we find
a
(0)
0 =(0.230± 0.010)M−1pi [K decay data[6,7] + PY;[5] with Eq. (3.1a)]
a
(0)
0 =(0.233± 0.008)M−1pi [K decay data + New NA48/2 Kl4 data + PY; with Eq. (3.1a)]
a
(0)
0 =(0.229± 0.009)M−1pi [K decay data + New NA48/2 Kl4 data + PY; with Eq. (3.1d)]
(4.2)
We take as the best value a combination of the last ones:
a
(0)
0 = (0.231± 0.009)M−1pi . (4.3a)
Likewise, we find the best value of the effective range parameter to be
b
(0)
0 = (0.276± 0.010)M−3pi . (4.3b)
The scattering length (but of course, not the location of the σ pole) can also be obtained with the







2/M4pi + · · · ; (4.4)
only two terms are necessary. The expansion here, however, is poorly convergent when compared to the
conformal mapping one; the circle of convergence only extends to s = 152 M
2
pi , i.e., to energies s
1/2 <∼ 385 MeV.
To remain well inside the region of convergence of (4.4), we only fit data at energies s1/2 ≤ 351 MeV, and
one then finds (a
(0)















0 = 0.230± 0.007+0.022−0.012, R0 = −[0.92± 0.02+0.17−0.22]; [K decay + New NA48/2 ].
(4.5)
The first errors here are statistical; the second are obtained changing the point where one stops fitting to
367 MeV or to 340 MeV. Although the results are compatible with (4.3), it is clear that the effective range
method is much less precise and also less stable than the conformal mapping one –not surprisingly, as the
last incorporates a lot more of analyticity information.
The result in (4.3), or (4.5), are compatible with the estimate given in ref. 11 based on chiral
perturbation theory and Roy equations,
a
(0)
0 = (0.220± 0.005)M−1pi , b(0)0 = (0.280± 0.001)M−3pi (4.6)
although the central value of a
(0)






The compatibility of the results for the location of the σ pole in Eqs. (3.2), (3.4) show that inclusion of the
K decay data[6,7,8] (especially, of the Kl4 decay data) allows one to pin down with reasonable precision the
location of this pole: the value quoted in Eq. (3.5), overlapping with all other calculations, constitutes a
precise determination, from experiment, of the parametersMσ, Γσ. Once this is given, we can compare with
it theoretical computations of this quantity. The same is true for the values of the scattering length and
effective range parameter.
The result for the unitarized chiral perturbation theory calculation in ref. 2 [Eq. (1.1) above] is in
good agreement with the experimental width, but only at the 2σ level with the mass as determined from
experiment.
It is also interesting the comparison with the results found from chiral perturbation theory plus
dispersion relations, in the form of Roy equations, in ref. 3. Matching (3.5) with (1.2) we see that the
Caprini, Colangelo and Leutwyler result,[3] while being in the right ballpark, lies clearly away from all the
experimental determinations. Likewise, the value for a
(0)
0 in ref. 12, while compatible with what one finds
from experiment, Eq. (4.3), has also a central value somewhat displaced.
One can speculate on the reasons for this mismatch. To do so, one should take into account that use
of Roy equations implies, beyond chiral perturbation theory, input at energies higher than 800 MeV, and for
S2, D, P and F waves, one needs input at all energies; and the shortcomings of such input in the approach
of ref. 3, based on the calculations in ref. 12, has been pointed out in ref. 13.
In summary: we have found a reliable determination of the parameters of the σ pole and the a
(0)
0
scattering length from experiment, with which one may compare theoretical calculations. Another question is
whether one can improve the determinations (1.3), (1.4). The answer is no, if we only use experimental data
on the S0 wave. But it is possible to give an independent, perhaps more precise determination, calculating
the function cot δ
(0)
0 (s) for complex s with dispersion relations (Roy equations) but, unlike in ref. 3, not
imposing chiral perturbation theory. This necessitates input of experimental data on other waves, and high
energy input in the Regge region, so it is not a determination based purely on S0 wave experimental data.
Preliminary results indicate that one would find numbers for Mσ and Γσ/2 compatible with (1.3), and with
smaller errors.[14] This procedure could also give an improved value for the scattering length.
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